We describe some recent work on certain nonlinear elliptic equations from geometry. These include the problem of prescribing scalar curvature on ‫ޓ‬ n , the Yamabe problem on manifolds with boundary, and the best Sobolev inequality on Riemannian manifolds.
is the Gauss curvature of a metric g on ‫ޓ‬ 2 conformally equivalent to g 0 ? Naturally one may ask a similar question in a higher dimensional case, namely, which function K(x) on ‫ޓ‬ n is the scalar curvature of a metric g on ‫ޓ‬ n conformally equivalent to g 0 ? For n Ն 3, we write g ϭ u (4/nϪ2) g 0 ; the problem is equivalent to finding a solution of
where ⌬ g 0 denotes the Laplace-Beltrami operator associated with the metric g 0 . For n ϭ 2, we write g ϭ e 2u g 0 , and the equation takes the form Ϫ⌬ g 0 u ϩ 1 ϭ K͑x͒e 2u , on ‫ޓ‬ 2 .
[1.2]
A necessary condition for solving 1.1 or 1.2 is that K is positive somewhere. A more subtle and important necessary condition was given by Kazdan and Warner (1) (see also ref. 2 for a generalization). These necessary conditions are not sufficient for the existence (see refs. 3 and 4). Much effort has been put forth to find various sufficient conditions. In particular, the sufficient condition on ‫ޓ‬ 2 given by Moser (5) is that K(Ϫx) ϵ K(x) and K(x) Ͼ 0 somewhere. This was extended by Escobar and Schoen (6) to higher dimensions: K(Ϫx) ϵ K(x) and there exists a point x such that K(x ) ϭ max K Ͼ 0 and all derivatives of K up to n Ϫ 2 order at x vanish. In dimension n ϭ 3, this is a complete generalization of the result of Moser. Such complete generalization is no longer valid in dimension n Ն 4, see Bianchi and Engnell (7) and Bianchi (8) . Further extensions were made by Chen (9) and Hebey (10) , a fact which can be deduced, by elementary consideration, from the results of Bianchi and Engnell (7, 8) and Li (17) . It is reasonable to believe that 1.3 is not sufficient for n Ն 5 either. A third type of sufficient conditions (Mountain Path type) was given by Chen and Ding (18) . There are more existence results for dimension n ϭ 2, 3. For higher dimensions, see refs. 6, 16, 17, [19] [20] [21] [22] [23] , and 65 and the references therein. In the following, we present one of our results in ref. 17 for n ϭ 4. Let M K denote the set of positive solutions of 1.1 and set
, which is open and dense with respect to the C 2 topology, and on which we have defined an integer valued, continuous function Index : A 3 ‫.ޚ‬ Though there is an explicit formula of Index(K) for Morse functions K in A, it is by no means obvious that the Index mapping can be extended as a continuous function on A. The next theorem gives optimal compactness results, as well as existence results and a degree counting formula of solutions. 
, and u i ʦ M K i such that
where The above compactness results are new and optimal. The existence result extends that of Bahri and Coron (13), Benayed, Chen, Chtioui, and Hammami (19) , and Zhang (24) . It follows from our results that solutions to the problem may have more than one point of blow up, a new phenomena which is very different from the situation in dimension n ϭ 2, 3. The phenomena of more than one point of blow up for n Ն 5 has also been exhibited in ref. 17 .
The main ingredient in establishing Theorem 1.1 is some fine analysis of blow up to solutions of 1.1. Such analysis, local in nature, was carried out by Schoen (courses at Stanford University, 1988, and the Courant Institute, 1989) and Schoen and Zhang (15) in dimension n ϭ 3 for any positive C 2 functions K, and in dimension n Ն 4 for constant K. This was extended by the author to dimension n ϭ 4 for any positive C 2 functions K, and in dimension n Ն 5 for those K which further satisfy suitable (n Ϫ 2)-flatness hypothesis near critical points of K. Such analysis in particular implies, under the above hypothesis, the following Harnack type inequality for solutions u of 1.1:
where B and B 2 are concentric balls and C is independent of u. The flatness order n Ϫ 2 is the borderline for various existence and compactness results to hold. The relevance to the existence of the flatness order n Ϫ 2 was exhibited in ref. (1, n Ϫ 2) . In particular they exhibited that (n Ϫ 2)͞2 is the borderline flatness order for the existence of a sequence of solutions with energy tending to infinity. Their analysis should be useful in establishing strong existence results in high dimensions for those K with flatness order ␤ ʦ (1, n Ϫ 2). Indeed they have already established a degree counting formula in dimension n ϭ 5 for such functions (65).
In the above discussion, we have required that K be positive everywhere. If K changes signs, what was missing is the control of solutions u near K Ϫ1 (0). This has been settled for n Ն 3 by Chen and Li (26) , who showed that if 0 is a regular value of K, the L ϱ norms of u near K This was established independently by Zhu (27) for even n, and by Lin (28) for all n.
The Yamabe Problem on Manifolds with Boundary
Let (M, g) be an n-dimensional (n Ն 3) compact, smooth, Riemannian manifold without boundary. The well known Yamabe conjecture states that there exist metrics on M that are pointwise conformal to g and have constant scalar curvature. The Yamabe conjecture was proved through the work of Yamabe (29), Trudinger (30) , Aubin (31) , and Schoen (32) . See Lee and Parker (33) for a survey. See also Bahri and Brezis (34), Bahri (35) , and Schoen (36, 37) for works on the problem and related ones. Analogues of the Yamabe problem for compact Riemannian manifolds with boundary have been studied by Cherrier, Escobar, and others. In particular, Escobar proved that a large class of compact Riemannian manifolds with boundary are conformally equivalent to one with constant scalar curvature and zero mean curvature on the boundary. In the following, (M, g) denotes some smooth, compact, oriented, n-dimensional (n Ն 3) Riemannian manifold with boundary, denotes the outward unit normal on ѨM, and h g denotes the mean curvature of ѨM with respect to . We restrict ourselves to manifolds of positive type. This means that the sign of the first eigenvalue 1 of the conformal Laplacian with some natural geometric boundary condition is positive. Escobar proved (38) that for a large class of manifolds, there exists g, conformally equivalent to g, such that R g ϭ 1 in M and h g ϭ 0 on ѨM. He also showed (39) that for the same class of manifolds there exist c ϩ Ͼ 0 and c Ϫ Ͻ 0 and two conformal metrics g Ϯ such that R g Ϯ ϭ 1 in M and h g Ϯ ϭ c Ϯ on ѨM. Together with Z. C. Han, I proposed (40) the following: ) for large ͉x͉, is due to Obata (44) and Gidas, Ni, and Nirenberg (45) . Under the same additional decay hypothesis, the result in ‫ޒ‬ ϩ n is due to Escobar (46) . We have also proved 
The Best Sobolev Inequality on Riemannian Manifolds
It is well known that sharp Sobolev inequalities are important in the study of partial differential equations, especially in the study of those arising from geometry and physics. There has been much work on such inequalities and their applications. See, for example, the references in ref. 49 .
For n Ն 2, 1 Յ p Ͻ n, and p* ϭ np͞(n Ϫ p), let
Aubin (50) and Talenti (51) calculated the value of the above Sobolev constant K(n, p) and found the extremal functions. Let (M n , g) be a compact Riemannian manifold; it was shown (50) that for any Ͼ 0 there exists a constant A p () [depending also on the manifold (M 
and
A stronger form of 3.2 is
The above conjecture was made because he proved these inequalities when the manifold is the standard n-sphere ‫ޓ‬ n . He also proved that the best constant is achieved for manifolds of dimension two, and for manifolds of constant sectional curvature. Related problems on domains of ‫ޒ‬ n were studied by Brezis and Nirenberg (53), Brezis and Lieb (54) , and Adimurthi and Yadava (55). Hebey and Vaugon (56, 57) proved inequality 3.1.
Results on compact manifolds with boundaries, also for p ϭ 2, were obtained by Li and Zhu (58, 59) . Further results were given by Zhu (60, 61) . Recently, Druet (62) has shown that inequality 3.1 is false for 4 Ͻ p 2 Ͻ n if the scalar curvature is positive somewhere. Then Aubin, Druet, and Hebey (63) proved that inequality 3.1 holds for all p ʦ (1, n) on compact manifolds of dimension 2, 3, or 4 with nonpositive sectional curvature. Together with Aubin we established Theorem 3.1. The larger the exponent of the norms is, the stronger is the inequality, so the conjecture for 1 Ͻ p Ͻ n follows from the above
